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Abstract
It was well known that Calderón–Zygmund operators T are bounded on Hp for nn+ < p  1
provided T ∗(1) = 0. A new Hardy space Hp
b
, where b is a para-accretive function, was introduced
in [Y. Han, M. Lee, C. Lin, Hardy spaces and the Tb-theorem, J. Geom. Anal. 14 (2004) 291–318]
and the authors proved that Calderón–Zygmund operators T are bounded from the classical Hardy
space Hp to the new Hardy space Hp
b
if T ∗(b) = 0. In this note, we give a simple and direct proof of
the Hp − Hp
b
boundedness of Calderón–Zygmund operators via the vector-valued singular integral
operator theory.
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It was well known that Calderón–Zygmund operators T are bounded on Hp for
n
n+ < p  1 provided T ∗(1) = 0. In general, however, if Calderón–Zygmund operators
T satisfy T ∗(b) = 0 for para-accretive functions b(x), such operators are not necessarily
bounded from the classical Hardy space Hp to itself. Meyer observed that if b(x) is a
bounded function and 1 Reb(x), the space H 1b and its dual BMOb can be simply defined
by coping the classical H 1 and BMO respectively. These spaces have the advantage of a
cancellation adapted to the complex measure b(x) dx and are closely related to the Tb the-
orem. More precisely, the space H 1b is defined by the collection of all functions f such that
bf is in the classical Hardy space H 1. See [6] for more details about the space H 1b . The
method for defining the space H 1b , however, cannot be extended to H
p
b for p < 1 because,
in general, bf does not make sense when f is in the classical Hardy spaces Hp for p < 1.
The Hardy spaces Hpb , p  1, were developed in [4] when b are para-accretive functions.
These new Hardy spaces are related to the Calderón–Zygmund operator theory, namely
that Calderón–Zygmund operators T are bounded from classical Hardy spaces Hp to the
new Hardy spaces Hpb provided T ∗(b) = 0. The proof given in [4] is similar to the proof of
the T 1 theorem of David and Journé [1]. More precisely, in [4] the authors first consider the
case where T (b) = T ∗(b) = 0 and handle this special case by use of the discrete Calderón
type reproducing formula, the Littlewood–Paley g function and the Plancherel–Pôlya-type
inequalities; then apply the general case to this special case by using the para-product op-
erator associated with para-accretive functions and a new characterization of the classical
Hardy spaces. The main purpose of this note is to give a more simplified approach to the
Hp −Hpb boundedness of Calderón–Zygmund operators via the vector-valued singular in-
tegral operator theory. This approach is also new for proving the classical Hp boundedness
of the Calderón–Zygmund operators.
To explain the ideas of this new approach, we first recall some basic definitions about
the Calderón–Zygmund operator theory. As usual, we denote by D the collection of C∞
functions with compact support.
Definition 1 [6]. A generalized singular integral operator T is a continuous linear operator
from D(Rn) into its dual associated with a kernel K , a continuous function defined on
R
n × Rn \ {(x, y): x = y} satisfying that for x = y,
∣∣K(x,y)∣∣ C|x − y|−n, (1.1)
and for |x − y| 2|x − x′|,
∣∣K(x,y) − K(x′, y)∣∣+ ∣∣K(y,x) − K(y,x′)∣∣ C |x − x′||x − y|n+ , (1.2)
where  ∈ (0,1] and C is a positive constant. Moreover, the operator T can be represented
by ∫ ∫〈Tf,g〉 = K(x,y)f (y)g(x) dy dx
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gral operator is a Calderón–Zygmund operator if it can be extended to a bounded operator
on L2(Rn).
Definition 2 [2]. A bounded complex-valued function b defined on Rn is said to be para-
accretive if there exist positive constants C,γ such that for all cubes Q ⊂ Rn there is a
sub-cube Q′ with γ |Q| |Q′| and
1
|Q|
∣∣∣∣∣
∫
Q′
b(x) dx
∣∣∣∣∣ C.
Definition 3 [3]. Fix two exponents 0 < β  1 and γ > 0. Suppose that b is a para-accretive
function. A function f defined on Rn is said to be a strong b-smooth molecule of type
(β, γ ) centered at x0 ∈ Rn with width d > 0 if f satisfies the following conditions:
∣∣f (x)∣∣ C dγ
(d + |x − x0|)n+γ , (1.3)
∣∣f (x) − f (x′)∣∣C
( |x − x′|
d + |x − x0|
)β
dγ
(d + |x − x0|)n+γ , (1.4)
for |x − x′| (d + |x − x0|)/2, and∫
Rn
f (x)b(x) dx = 0. (1.5)
Replacing the condition (1.4) by∣∣f (x) − f (x′)∣∣
 C
( |x − x′|
d
)β(
dγ
(d + |x − x0|)n+γ +
dγ
(d + |x′ − x0|)n+γ
)
, (1.6)
one obtains Meyer’s smooth atoms (see [5]). Obviously, conditions (1.3) and (1.4) imply
(1.6). The collection of all strong b-smooth molecules of type (β, γ ) centered at x0 ∈ Rn
with width d > 0 will be denoted by M(β,γ )(x0, d). If f ∈ M(β,γ )(x0, d), the norm of f in
M(β,γ )(x0, d) is denoted by
‖f ‖M(β,γ )(x0,d) = inf
{
C  0: (1.3), (1.4) hold}. (1.7)
We denote M(β,γ ) the class of all f ∈ M(β,γ )(0,1). It is easy to see that M(β,γ ) is a Banach
space under the norm ‖f ‖M(β,γ ) < +∞. The dual space (M(β,γ ))′ consists of all linear
functionals L from M(β,γ ) to C with the property that there exists a finite constant C such
that for all f ∈ M(β,γ ),∣∣L(f )∣∣C‖f ‖M(β,γ ) . (1.8)
We denote 〈h,f 〉 the natural pairing of elements h ∈ (M(β,γ ))′ and f ∈ M(β,γ ). It is easy
to check for x0 ∈ Rn and d > 0, M(β,γ )(x0, d) = M(β,γ ) with equivalent norms. Thus, for
all h ∈ (M(β,γ ))′, 〈h,f 〉 is well defined for all f ∈ M(β,γ )(x0, d) with x0 ∈ Rn and d > 0.
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identity.
Definition 4 [3]. Let b be a para-accretive function. A sequence of operators {Sk}k∈Z is
called to be an approximation to the identity associated with b if Sk(x, y), the kernel of Sk ,
are functions from Rn × Rn into C such that there exist constant C and some 0 < δ  1,
and for all k ∈ Z and all x, x′, y and y′ ∈ Rn,
(i)
∣∣Sk(x, y)∣∣C 2
−kδ
(2−k + |x − y|)n+δ ,
(ii)
∣∣Sk(x, y) − Sk(x′, y)∣∣ C
( |x − x′|
2−k + |x − y|
)δ 2−kδ
(2−k + |x − y|)n+δ
for |x − x′| (2−k + |x − y|)/2,
(iii)
∣∣Sk(x, y) − Sk(x, y′)∣∣ C
( |y − y′|
2−k + |x − y|
)δ 2−kδ
(2−k + |x − y|)n+δ
for |y − y′| (2−k + |x − y|)/2,
(iv)
∣∣[Sk(x, y) − Sk(x′, y)]− [Sk(x, y′) − Sk(x′, y′)]∣∣
 C
( |x − x′|
2−k + |x − y|
)δ( |y − y′|
2−k + |x − y|
)δ 2−kδ
(2−k + |x − y|)n+δ
for |x − x′| (2−k + |x − y|)/2 and |y − y′| (2−k + |x − y|)/2,
(v)
∫
Rn
Sk(x, y)b(y) dy = 1 for all k ∈ Z and x ∈ Rn,
(vi)
∫
Rn
Sk(x, y)b(x) dx = 1 for all k ∈ Z and y ∈ Rn.
Now we are ready to state the definition of the new Hardy spaces Hpb associated with
the para-accretive function b.
Definition 5 [4]. Suppose that b is a para-accretive function and {Sk}k∈Z is an approxima-
tion to the identity defined in Definition 4. Set Dk = Sk −Sk−1. Then the Hardy space Hpb ,
n
n+δ < p  1, is the collection of f ∈ (bM(β,γ ))′ such that
‖f ‖Hpb :=
∥∥gb(f )∥∥p < ∞,
where gb(f ) is the Littlewood–Paley g function associated with the para-accretive function
b and defined as follows:
gb(f )(x) :=
(∑
k
∣∣Dkbf (x)∣∣2
)1/2
for all f ∈ (bM(β,γ ))′.The following theorem is one of main results in [4]:
W. Chen et al. / J. Math. Anal. Appl. 310 (2005) 57–67 61Theorem 1 [4]. Suppose that T is a Calderón–Zygmund operator associated with the
kernel K satisfying (1.1) and (1.2) and T ∗(b) = 0. Then T is bounded from Hp to Hpbfor n
n+ < p  1 and   δ, where δ is the exponent in the approximation to the identity
associated with the para-accretive function b.
Note that Hpb = Hp when b = 1, as a consequence, Theorem 1 gives a classical result
of Calderón–Zygmund operators on Hp for n
n+ < p  1.
2. A simple proof of Theorem 1
To give a simple and direct proof of Theorem 1, we need a vector-valued singular inte-
gral operator theory. Let T (x, y) :Rn × Rn →H (where H is a Hilbert space) satisfy that
for x = y,
∣∣T (x, y)∣∣H  C|x − y|n , (2.1)
and for 2|y − y′| |x − y|,
∣∣T (x, y) − T (x, y′)∣∣H  C |y − y
′|γ
|x − y|n+γ , (2.2)
where γ ∈ (0,1] and C is a positive constant. We then call T (x, y) an H-valued kernel.
Theorem 2. Let T (x, y) be an H-valued kernel. Define an H-valued singular integral
operator T by
T f (x) =
∫
Rn
T (x, y)f (y) dy
for suitable functions f . If T is bounded from L2 to L2H, then T is bounded from Hp to
L
p
H for nn+γ < p  1.
The proof of Theorem 2 is standard. Now we turn to the proof of Theorem 1.
Proof of Theorem 1. By the definition of the Hardy space Hpb , we need to prove
∥∥gb(Tf )∥∥p =
∥∥∥∥
(∑
k
∣∣DkbTf (·)∣∣2
)1/2∥∥∥∥
p
C‖f ‖Hp .
Set
T (x, y) =
{∫
Dk(x, z)b(z)K(z, y) dz
}
k∈Z
= {Tk(x, y)}k∈Z
and
∣∣T (x, y)∣∣ =
(∑∣∣Tk(x, y)∣∣2
)1/2
.H
k∈Z
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some γ , 0 < γ <  such that n
n+ <
n
n+γ < p. These will follow from the following esti-
mates:
∣∣Tk(x, y)∣∣=
∣∣∣∣
∫
Dk(x, z)b(z)K(z, y) dz
∣∣∣∣ C 2
−kγ
(2−k + |x − y|)n+γ , (2.3)
and for 2|y − y′| |x − y|,
∣∣Tk(x, y) − Tk(x, y′)∣∣ C
( |y − y′|
|x − y|
)γ 2−kγ ′
(2−k + |x − y|)n+γ ′ , (2.4)
where k ∈ Z and the constant γ ′ is positive, whose value will be determined later.
To prove the estimates (2.3) and (2.4), we follow Meyer’s idea (see also [3]), fix-
ing a radial function θ ∈ D(Rn) with supp θ ⊂ {x ∈ Rn: |x| 2} and θ = 1 on {x ∈ Rn:
|x|  1}. We first prove the estimate (2.3). To do this, consider first the case where
|x − y| 5 · 2−k . Set 1 = ξ(z) + η(z), where
ξ(z) = θ
( |z − x|
10 · 2−k
)
.
Then
Tk(x, y) =
∫ [
Dk(x, z) − Dk(x, y)
]
b(z)K(z, y)ξ(z) dz
+ Dk(x, y)
∫
b(z)K(z, y)ξ(z) dz
+
∫
Dk(x, z)b(z)K(z, y)η(z) dz = I + II + III.
From the conditions on K and Dk , it follows that
|I|C
∫
|z−y|25·2−k
∣∣K(z, y)∣∣∣∣Dk(x, z) − Dk(x, y)∣∣dz
C
∫
|z−y|25·2−k
|y − z|δ
2−k(n+δ)
|z − y|−n dz
C 1
2−kn
 C 2
−kγ
(2−k + |x − y|)n+γ ,
and
|III| C
∫
|z−x|10·2−k
|z − y|−n 2
−kδ
(2−k + |z − x|)n+δ dz
 C
∫
|z−x|10·2−k
2−kδ
|z − x|2n+δ dz
1 2−kγ C
2−kn
 C
(2−k + |x − y|)n+γ .
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Lemma 1. Let K be a function on Rn×Rn \{(x, y): x = y} satisfying (1.1) and (1.2). Sup-
pose that T is a Calderón–Zygmund operator associated with the kernel K and T ∗(b) = 0,
where b is a para-accretive function. Set θQ(z) = θ( z−z0d ) for any cube Q centered z0 with
side length d . Then there exists a positive constant C such that∣∣∣∣
∫
b(z)K(z, y)θQ(z) dz
∣∣∣∣ C. (2.5)
The proof of Lemma 1 is similar to Lemma 2 in [5]. We omit the details. By Lemma 1,
we have
|II| C 2
−kδ
(2−k + |x − y|)n+δ  C
1
2−kn
 C 2
−kγ
(2−k + |x − y|)n+γ .
Now we consider the case where |x − y| = R > 5 · 2−k . Set 1 = I1(z) + I2(z) + I3(z),
where I1(z) = θ(8|z − y|/R), I2(z) = θ(8|z − x|/R), and f1(z) = Dk(x, z)I1(z), f2(z) =
Dk(x, z)I2(z) and f3(z) = Dk(x, z)I3(z). Then it is easy to check the following estimates:
∣∣f1(z)∣∣C 2
−kδ
(2−k + |z − x|)n+δ  C
2−kδ
Rn+δ
, (2.6)
∣∣f1(z) − f1(z′)∣∣ C |z − z
′|δ
Rδ
2−kδ
Rn+δ
(2.7)
for all z and z′ ∈ Rn,
∣∣f3(z)∣∣C 2
−kδ
|z − x|n+δ χ{|z−x|>R/8}, (2.8)∫ ∣∣f3(z)∣∣dz C 2
−kδ
Rδ
, (2.9)
∣∣∣∣
∫
f2(z)b(z) dz
∣∣∣∣C
(∫ ∣∣f1(z)∣∣dz +
∫ ∣∣f3(z)∣∣dz
)
 C 2
−kδ
Rδ
, (2.10)
since
∫
Dk(x, z)b(z) dz = 0. Write∫
Dk(x, z)b(z)K(z, y) dz
=
∫
f1(z)b(z)K(z, y) dz +
∫
f2(z)b(z)K(z, y) dz +
∫
f3(z)b(z)K(z, y) dz
= J1(y) + J2(y) + J3(y).
Set u(z) = θ(4|y − z|/R) and note that f1(z)u(z) = f1(z). The first term on the right-hand
side above can be written as
J1(y) =
∫
b(z)K(z, y)
(
f1(z) − f1(y)
)
u(z) dz + f1(y)
∫
b(z)K(z, y)u(z) dz= r1(y) + r2(y).
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∣∣r1(y)∣∣ C
∫
|z−y|R/2
|z − y|−n |z − y|
δ
Rδ
2−kδ
Rn+δ
dz
 C 2
−kδ
Rn+δ
 C 2
−kγ
(2−k + |x − y|)n+γ
and
∣∣r2(y)∣∣ C∣∣f1(y)∣∣ C 2
−kδ
Rn+δ
 C 2
−kγ
(2−k + |x − y|)n+γ .
We can rewrite J2(y) in the form
J2(y) =
∫ [
K(z, y) − K(x,y)]b(z)f2(z) dz + K(x,y)
∫
b(z)f2(z) dz
= σ1(y) + σ2(y).
Using the estimates of the kernel of T and (2.10),
∣∣σ1(y)∣∣C
∫
|z−x|R/4
|z − x|
Rn+
2−kδ
(2−k + |z − x|)n+δ dz
C
∫
|z−x|R/4
|z − x|
Rn+
2−kγ
|z − x|n+γ dz
C 2
−kγ
Rn+γ
 C 2
−kγ
(2−k + |x − y|)n+γ ,
since γ < , and
∣∣σ2(y)∣∣CR−n
∣∣∣∣
∫
b(z)f2(z) dz
∣∣∣∣ C 2
−kδ
Rn+δ
 C 2
−kγ
(2−k + |x − y|)n+γ .
Finally, using the estimates on K and Dk ,
|J3(y)|C
∫
|z−x|>R/8
|z − y|−n 2
−kδ
|z − x|n+δ dz C
2−kδ
Rn+δ
 C 2
−kγ
(2−k + |x − y|)n+γ .
This proves the estimate (2.3). It remains to prove the estimate (2.4).
To show (2.4), we only consider the case |x − y| = R  5 · 2−k , |y − y′| = d  2−k .
This is the worst case while the other cases are easier. Write∫
Dk(x, z)b(z)K(z, y) dz
=
∫
K(z, y)b(z)
[
Dk(x, z) − Dk(x, y)
]
ς(z) dz
∫ ∫
+ K(z, y)b(z)Dk(x, z)µ(z) dz + Dk(x, y) K(z, y)b(z)ς(z) dz,
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side above by p(y) and the sum of the last two terms by q(y). Then
∣∣p(y)∣∣C
∫
|z−y|4d
|z − y|−n |y − z|
δ
Rn+δ
dz C d
δ
Rn+δ
C |y − y
′|γ
|x − y|γ
|y − y′|δ−γ
(2−k + |x − y|)n+(δ−γ )
C
( |y − y′|
|x − y|
)γ 2−k(δ−γ )
(2−k + |x − y|)n+(δ−γ ) .
This estimate still holds with y replaced by y′ for |y − y′| = d . Thus
∣∣p(y) − p(y′)∣∣ C
( |y − y′|
|x − y|
)γ 2−k(δ−γ )
(2−k + |x − y|)n+(δ−γ ) .
For q(y), using the condition that T ∗(b) = 0, we have
q(y) − q(y′) =
∫
b(z)
[
K(z, y) − K(z, y′)][Dk(x, z) − Dk(x, y)]µ(z)dz
+ (Dk(x, y) − Dk(x, y′))
∫
b(z)K(z, y′)ς(z) dz
= L1 + L2.
By Lemma 1,
|L2| C
∣∣Dk(x, y) − Dk(x, y′)∣∣ C d
δ
Rn+δ
 C
( |y − y′|
|x − y|
)γ 2−k(δ−γ )
(2−k + |x − y|)n+(δ−γ ) .
For L1, using the estimate for the kernel K ,
|L1| Cd
∫
2d|z−y|
|z − y|−n−∣∣Dk(x, z) − Dk(x, y)∣∣dz
= Cd
∫
2d|z−y|2·2−k
|z − y|−n−∣∣Dk(x, z) − Dk(x, y)∣∣dz
+ Cd
∫
2·2−k|z−y|
|z − y|−n−∣∣Dk(x, z) − Dk(x, y)∣∣dz
= L(1)1 + L(2)1 .
To estimate L(1)1 , take γ
′′ such that γ < γ ′′ < . Note that
∣ ∣ |y − z|δ |y − z|γ ′′∣Dk(x, z) − Dk(x, y)∣C
Rn+δ
 C
Rn+γ ′′
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∣∣L(1)1 ∣∣ CdR−n−γ ′′
∫
2d|z−y|
1
|z − y|n+(−γ ′′) dz
 C d
γ ′′
Rn+γ ′′
C
( |y − y′|
|x − y|
)γ 2−k(γ ′′−γ )
(2−k + |x − y|)n+(γ ′′−γ ) .
Finally, L(2)1 L
(2)
11 + L(2)12 by setting
L
(2)
11 = Cd
∫
|z−y|2·2−k
|Dk(x, z)|
|z − y|n+ dz
and
L
(2)
12 = Cd
∫
|z−y|2·2−k
|Dk(x, y)|
|z − y|n+ dz.
By simple computation, we obtain
L
(2)
11  Cd

∫
|z−y|2·2−k
|z−x|>R/2
|Dk(x, z)|
|z − y|n+ dz + Cd

∫
|z−y|2·2−k
|z−x|R/2
|Dk(x, z)|
|z − y|n+ dz
 Cd 2
−kδ
Rn+δ
∫
|z−y|2·2−k
dz
|z − y|n+ + C
d
Rn+
∫ ∣∣Dk(x, z)∣∣dz
 C d

Rn+
 C
( |y − y′|
|x − y|
)γ 2−k(−γ )
(2−k + |x − y|)n+(−γ ) ,
and
L
(2)
12  C
d
Rn+
 C
( |y − y′|
|x − y|
)γ 2−k(−γ )
(2−k + |x − y|)n+(−γ ) .
Choosing γ ′ = γ ′′ − γ , we then actually have proven
∣∣Tk(x, y) − Tk(x, y′)∣∣ C
( |y − y′|
|x − y|
)γ 2−kγ ′
(2−k + |x − y|)n+γ ′
for 2|y − y′| |x − y|. This completes the proof of Theorem 1. 
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